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In this paper, we consider an inverse source problem for a time fractional diffu-
sion equation. In general, this problem is ill posed, therefore we shall construct a
regularized solution using the filter regularization method in the random noise
case. We will provide appropriate conditions to guarantee the convergence of the
approximate solution to the exact solution. Then, we provide examples of filters
in order to obtain error estimates for their approximate solutions. Finally, we
present a numerical example to show efficiency of the method.
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1 INTRODUCTION

In this paper, we consider the problem of finding a pair of functions (u, f) satisfying the following system:

⎧⎪⎨⎪⎩
D𝛼

t u− ▵u = 𝜑(t)𝑓 (x), (x, t) ∈ (0, 1) × (0, 1),
ux(0, t) = ux(1, t) = 0, t ∈ (0, 1),
u(1, t) = 0, t ∈ (0, 1),
u(x, 0) = u0(x), x ∈ (0, 1),

(1.1)

where 𝜑 ∈ L∞(0, 1) and u0 ∈ L2(0, 1) are given functions. Here, D𝛼
t u is the Caputo fractional derivative of order 𝛼 of an

absolutely continuous function u, defined as

D𝛼
t u(t) = 1

Γ(1 − 𝛼)

t

∫
0

u′(s)
(t − s)𝛼

ds,
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where Γ denotes the standard Gamma function. Note that if the fractional order 𝛼 tends to unity, the fractional derivative
D𝛼

t u converges to the canonical first-order derivative du
dt

,1 and thus the problem 1.1 reproduces the canonical diffu-
sion model. See, eg,1,2 for the definition and properties of Caputo's derivative. The mathematical model 1.1 arising
in dynamical systems, in control theory, electrical circuits with fractance, generalized voltage divider, viscoelasticity,
fractional-order multipoles in electromagnetism, electrochemistry, and model of neurons in biology is provided in3; see
also.2 As we know, if 𝜑 ∈ L∞(0, 1), f ∈ L2(Ω) are given , then the direct problem of 1.1 has a unique solution in L2 sense
(see4). The inverse problem here is the determination of the source term f(x) from the final state observation

u(x, 1) = u1(x). (1.2)

where u1 is a given function in L2(0, 1). Due to the modelling as well as measurement errors, the time-dependent source
term 𝜑(t) cannot be to obtain with infinite precision in practical applications. Instead, only observation data 𝜑𝜖(t) up to
the noise level 𝜖 are known. Similarly, a noisy version of the final state u𝜖1 ∈ L2(0, 1) is used instead of the exact one u1(x).
It is known that the inverse source problem mentioned above is ill posed in general; therefore, a small perturbation in the
data may cause large an error in the sought solution.

To the authors' knowledge, there are few papers for identifying an unknown source for a fractional diffusion equation
by regularization method. When 𝜑 = 1, the problem with deteministic noise has been investigated using truncation
method5 and quasi-reversibilty method6 and in some other papers.7,8 When the time-dependent source term 𝜑(t) > 0 is
not perturbed, the fractional diffusion has been studied recently by T. Wei9 using quasi-boundary value method. When
determined measured data are replaced with random data. In random case, we have to apply our knowlegde about statictis
to solve the problem. That is the reason why the random case is more difficult than the deterministic case. Until now,
there are very few papers considering the random noise for inverse source problem. In,10 the authors considered a similar
problem of 1.1 with discrete random noise, ie, the input data are noised by some concerete points (called design point) .
Motivated by this reason, in this paper, we consider another random data as follows:

𝜑̃𝜖 = 𝜑 + 𝜖𝛿 ũ0
𝜖 = u0 + 𝜖𝜓 ũ1

𝜖 = u1 + 𝜖𝜉 (1.3)

in which 𝜖 corresponds to the noise level and 𝛿, 𝜓, and 𝜉 are stochatics processes, ie, bounded linear operators

𝜉 ∶ L2(0, 1) → L2(,,)
𝜓 ∶ L2(0, 1) → L2(,,)
𝛿 ∶ L2(0, 1) ∩ L∞(0, 1) → L2(,,)

where (,,) is underlying probability space where  is sample space,  is 𝜎-algebra, and  is probability measure.
The reader is referred to11 for more discussion on stochastic processes. The strong point of our paper is that generalized
to the truncation method in.10 To the best of our knowledge, our paper is the first investigation for the inverse source
problem for fractional diffusion equation with the model 3.4.

This paper is organized as follows. In section 2, we propose a regularized scheme using a filter and prove the convergence
of the approximate solution to the exact solution for a general filter. The paper ends with a couple of examples of some
specific filters in section 3. Our analysis does not contain any numerical results, which we hope to obtain in a future work.

2 MAIN RESULTS

We start by recalling the definition of the Mittag-Leffler function, a special function that plays an important role in
understanding diffusion processes. For more information, see12 and references therein.

Definition 2.1. For any 𝛼 > 0 and 𝛽 ∈ R , the two-parameter Mittag-Leffler function, a special function that plays
an important role in understanding diffusion processes. For more information, see13 and references therein

E𝛼,𝛽(z) =
∞∑

k=0

zk

Γ(𝛼k + 𝛽)
, z ∈ C.

The asymptotic growth of the Mittag-Leffler function is characterized in the following lemma.
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Lemma 2.1. There exists constants P,B−,B+ > 0 such that for all 𝛼 ∈ (0, 1) and x ≤ 0, it holds that

B−

Γ(1 − 𝛼)
1

1 − x
≤ E𝛼,1(x) ≤ B+

Γ(1 − 𝛼)
1

1 − x
, ∀x ≤ 0.

Notice that, these estimates are uniform in 𝛼.

Proof. The proof can be found on p. 35 in Podlubny.2

Lemma 2.2. Let u0,u1 ∈ L2(0, 1) and 𝜑 ∈ L∞(0, 1), and 𝜔 ∈ R. Then we have

1

∫
0

𝑓 (x) cos(𝜔x)dx =

1

∫
0

u1(x) cos(𝜔x)dx − E𝛼,1(−𝜔2)

1

∫
0

u0(x) cos(𝜔x)dx

1

∫
0

s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

.

Proof. Multiplying both sides of 1.1 with cos(𝜔x) and integrating from 0 to 1, we obtain

d𝛼
dt𝛼 ∫

1

0
u(x, t) cos(𝜔x)dx − ∫

1

0
uxx(x, t) cos(𝜔x)dx = 𝜑(t)∫

1

0
𝑓 (x) cos(𝜔x)dx. (2.1)

Integrating by parts and noting that u(1, t) = ux(0, t) = ux(1, t) = 0, we have

∫
1

0
uxx(x, t) cos(𝜔x)dx = ux(x, t) cos(𝜔x)

|||||
1

0
+ 𝜔∫

1

0
ux(x, t) sin(𝜔x)dx

= 𝜔∫
1

0
ux(x, t) sin(𝜔x)dx = 𝜔u(x, t) sin(𝜔x)

|||||
1

0
− 𝜔2 ∫

1

0
u(x, t) cos(𝜔x)dx

= −𝜔2 ∫
1

0
u(x, t) cos(𝜔x)dx. (2.1)

Inserting 2.1 into 2.1, we obtain

d𝛼
dt𝛼 ∫

1

0
u(x, t) cos(𝜔x)dx = −𝜔2 ∫

1

0
u(x, t) cos(𝜔x)dx + 𝜑(t)∫

1

0
𝑓 (x) cos(𝜔x)dx.

This implies that the function h(t) = ∫ 1
0 u(x, t) cos(𝜔x)dx is a solution of the problem:{

D𝛼
t h(t) = −𝜔2h(t) + H(t), 0 < t < 1,

h(0) = h0,
(2.3)

where H(t) = 𝜑(t)

1

∫
0

𝑓 (x) cos(𝜔x)dx. From2(Theorem 3.2 on page 124), the only solution corresponding to 2.3 is

given by

h(t) = E𝛼,1(−𝜔2t𝛼)h0 +

t

∫
0

s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)H(t − s)ds, (2.4)

where E𝛼,𝛼 is the Mittag-Leffler function of Definition 2.1. Choosing t = 1 and noting that u(x, 1) = u1(x),u(x, 0) =
u0(x), 2.4 gives
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1

∫
0

u1(x) cos(𝜔x)dx = E𝛼,1(−𝜔2)

1

∫
0

u0(x) cos(𝜔x)dx +

1

∫
0

s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

1

∫
0

𝑓 (x) cos(𝜔x)dx.

This completes the proof.

In the following, we shall provide appropriate conditions so that every filter satisfying these conditions yields a
meaningful numerical solution.

Assumption 2.1. Let any 𝛽, 𝜔 ∈ (0,∞). The function R(𝛽, 𝜔) is called a filter if there exists two positive functions
K1(𝛽) and K2(𝛽) such that

|R(𝛽, 𝜔)𝜔𝜁 | ≤ K1(𝛽) for all 𝜁 > 5
2
, (2.5)

{ |R(𝛽,𝜔)−1||𝜔| ≤ K2(𝛽), if 𝜔 < 1|R(𝛽,𝜔)−1||𝜔|𝜇 ≤ K2(𝛽), if 𝜔 ≥ 1
for all 𝜇 < 1

2
. (2.6)

Let R𝜔(𝛽) ∶= R(𝛽, 𝜔). We assume furthermore that

• R𝜔(𝛽) is continuous;
• lim𝛽→∞R𝜔(𝛽) = 0;
• lim𝛽→0R𝜔(𝛽) = 1;
• R𝜔(𝛽) is strictly decreasing function over (0,∞).

Now, we are in a position to define a regularized solution for the system 1.1-1.2.

Definition 2.2. For any given measured data ũ1
𝜖, ũ0

𝜖, 𝜑̃𝜖 that satisfy 3.4, we define a regularized solution for the
system 1.1-1.2 as follows:

𝑓𝜖(x) = − 1
2𝜋 ∫

∞

−∞
R(𝛽, 𝜔)

∫ 1
0 ũ1

𝜖(x) cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1
0 ũ0

𝜖(x) cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds

ei𝜔xd𝜔, (2.7)

where the order 𝛼 belongs to (0, 1), and R(𝛽, 𝜔) is a filter, which defined in Assumption 2.1 .

Our main results are described in the following theorem.

Theorem 2.1. Let 𝜑, 𝜑̃𝜖 be such that 𝜑(t) ≥ C0 > 0, 𝜑̃𝜖(t) ≥ C0 > 0 for any t ∈ [0, 1]. For any given measured
data ũ1

𝜖, ũ0
𝜖, 𝜑̃𝜖 that satisfy 3.4, we consider the regularized solution 𝑓𝜖 of the system 1.1-1.2 as in definition 2.2. We

assume furthermore that

E||𝜉||2L2(0,1) = E||𝜓||2L2(0,1) = E||𝛿||2L∞ = 1.

Let K1,K2 be as Assumption 2.1 and assume that lim𝜖→0K2(𝛽) = lim𝜖→0𝜖K1(𝛽) = 0. Then the function 2𝑓𝜖 is an
approximate solution of f and we have the following error estimate:

E||𝑓 − 2𝑓𝜖||2L2(0,1) ≤ 2
𝜋

C2
1[1 + K2

1 (𝛽)]𝜖
2 + 2

𝜋
K2

2 (𝛽)
[
(1 +

√
2)2 + M

] ||𝑓 ||2H1(0,1) (2.8)

where

C1 =
8C0 + 4||u0||L2(0,1) + 4||u1||L2(0,1)

min(C2
0,C

2
0)[1 − E𝛼,1(−1)]

, M = ∫𝜔≥1

1
𝜔2 d𝜔.

Before prove Theorem 2.1, we state the following lemma.
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Lemma 2.3. Let 𝛿, 𝜉, 𝜓 be as Theorem 2.1. Then the following estimate holds:

E

⎡⎢⎢⎣
B (u1,u0, 𝛿, 𝜉, 𝜓)

min(C2
0,C

2
0)(1 − E𝛼,1{−1})

⎤⎥⎥⎦
2

≤ C2
1,

where
B (u1,u0, 𝛿, 𝜉, 𝜓) = ||u1||L2(0,1)||𝛿||2L∞ + ||u0||L2(0,1)||𝛿||2L∞ + C0||𝜉||L2(0,1) + C0||𝜓||L2(0,1). (2.9)

Proof. Using the inequality (a1 + a2 + a3 + a4)2 ≤ 4a2
1 + 4a2

2 + 4a2
3 + 4a2

4, we get

|B (u1,u0, 𝛿, 𝜉, 𝜓)| 2 =
[||u1||L2(0,1)||𝛿||2L∞ + ||u0||L2(0,1)||𝛿||2L∞ + C0||𝜉||L2(0,1) + C0||𝜓||L2(0,1)

]2

≤ 4||u1||2L2(0,1)||𝛿||2L∞ + 4||u0||2L2(0,1)||𝛿||2L∞ + 4C
2
0||𝜉||2L2(0,1) + 4C

2
0||𝜓||2L2(0,1).

Since E||𝜉||2L2(0,1) = 1, we have by Jensen's inequality

(E||𝜉||)2
L2(0,1) ≤ E||𝜉||2L2(0,1) = 1.

Therefore, we get E||𝜉||L2(0,1) ≤ 1. By a similar argement as above, we get E||𝜓||L2(0,1) ≤ 1 and E||𝛿||2L∞ ≤ 1. This
implies immediately

E(B (u1,u0, 𝛿, 𝜉, 𝜓))2 ≤ 4||u1||2L2(0,1)E||𝛿||2L∞ + 4||u0||2L2(0,1)E||𝛿||2L∞ + 4C
2
0E||𝜉||2L2(0,1) + 4C

2
0E||𝜓||2L2(0,1)

≤ 8C
2
0 + 4||u0||2L2(0,1) + 4||u1||2L2(0,1).

(2.10)

Proof. Let the function 𝑓 be defined as

𝑓 =
⎧⎪⎨⎪⎩

1
2
𝑓 (x) x ∈ (0, 1),

1
2
𝑓 (−x) x ∈ (−1, 0),

0 otherwise.
(2.11)

Since 𝑓 is odd function, we know that

∫
∞

−∞
𝑓 (x) sin(𝜔x)

)
dx = 0.

The Fourier transform of 𝑓 is given by

 (𝑓 )(𝜔) = ∫
∞

−∞
𝑓 (x)e−i𝜔xdx

= ∫
∞

−∞

[
𝑓 (x) cos(𝜔x) − i𝑓 (x)sin(𝜔x)

]
dx

= ∫
1

0
2𝑓 (x) cos(𝜔x)dx = ∫

1

0
𝑓 (x) cos(𝜔x)dx

=
∫ 1

0 u1 cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

,

(2.12)

which we have used Lemma 2.2 in the last equality. Since 3.8, we obtain the Fourier transform of 𝑓𝜖 as follows:

 (𝑓𝜖) = 
{

−1

[
R(𝛽, 𝜔)

∫ 1
0 ũ1

𝜖(x) cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1
0 ũ0

𝜖(x) cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds

]}

= R(𝛽, 𝜔)
∫ 1

0 ũ1
𝜖(x) cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1

0 ũ0
𝜖(x) cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds

.

(2.13)
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Let us define the following function

𝜈𝛽(𝜔) = R(𝛽, 𝜔)
∫ 1

0 u1 cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

. (2.14)

For any 𝜔 ∈ R, using two above equalities, we obtain

𝜈𝛽(𝜔) −  (𝑓𝜖)(𝜔) = R(𝛽, 𝜔)

[∫ 1
0 u1 cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1

0 u0 cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

−
∫ 1

0 ũ1
𝜖(x) cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1

0 ũ0
𝜖(x) cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds

]

= R(𝛽, 𝜔)

[∫ 1
0 u1(x) cos(𝜔x) − E𝛼,1(−𝜔2) ∫ 1

0 u0 cos(𝜔x)d𝜔

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

−
∫ 1

0 u1(x) cos(𝜔x) − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)d𝜔

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds

+
∫ 1

0 u1(x) cos(𝜔x) − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)d𝜔

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds

−
∫ 1

0 ũ1
𝜖(x) cos(𝜔x) − E𝛼,1(−𝜔2) ∫ 1

0 ũ0
𝜖 cos(𝜔x)d𝜔

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds

]
.

(2.15)

Using 3.4, we obtain

v𝛽(𝜔) −  (𝑓𝜖)(𝜔)

= R(𝛽, 𝜔)
⎧⎪⎨⎪⎩
(∫ 1

0 u1(x) cos(𝜔x) − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)d𝜔

) ∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)(𝜑̃𝜖(1 − s) − 𝜑(1 − s))ds

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds ∫ 1

0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

+
∫ 1

0 (u1(x) − ũ1
𝜖(x)) cos(𝜔x)ds

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds

− E𝛼,1(−𝜔2)
∫ 1

0 (u0(x) − ũ0
𝜖(x)) cos(𝜔x)ds

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds

}

= R(𝛽, 𝜔)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
−
𝜖
(∫ 1

0 u1(x) cos(𝜔x) − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)d𝜔

) ∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝛿ds

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds ∫ 1

0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

I1(𝜔)

+
𝜖 ∫ 1

0 𝜉 cos(𝜔x)ds

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

I2(𝜔)

− E𝛼,1(−𝜔2)
𝜖 ∫ 1

0 𝜓 cos(𝜔x)ds

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds

}
.

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
I3(𝜔)

(2.16)

This implies immediately

|𝜈𝛽(𝜔) −  (𝑓𝜖)(𝜔)| ≤ R(𝛽, 𝜔) (|I1(𝜔)| + |I2(𝜔)| + I3(𝜔)|) .
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Step 1. Estimate I1(𝜔). Using the fact that 𝜑(t) ≥ C0 > 0, 𝜑̃𝜖(t) ≥ C0 > 0 for any t ∈ [0, 1], we have

|I1(𝜔)| = 𝜖
|||∫ 1

0 u1(x) cos(𝜔x) − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)d𝜔||| ∫ 1

0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)|𝛿|ds

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds ∫ 1

0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

≤ 𝜖
(∫ 1

0 |u1(x)|| cos(𝜔x)| + E𝛼,1(−𝜔2) ∫ 1
0 |u0|| cos(𝜔x)|d𝜔) ∫ 1

0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)|𝛿|ds

C0C0

(∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)ds

)2 .
(2.17)

Due to Lemma 2.414 and applying the Hölder inequality, we deduce that

|I1(𝜔)| ≤ 𝜖
(||u1||L2(0,1) + ||u0||L2(0,1)

) ||𝛿||L∞ ∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)ds

C0C0

(∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)ds

)2

=
𝜖𝜔2 (||u1||L2(0,1) + ||u0||L2(0,1)

) ||𝛿||2L∞

C0C0(1 − E𝛼,1(−1))
.

(2.18)

Step 2. Estimate I2(𝜔). We have

|I2(𝜔)| = 𝜖
|||∫ 1

0 𝜉 cos(𝜔x)ds|||
∫ 1

0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds
≤ 𝜖𝜔2||𝜉||L2(0,1)

C0(1 − E𝛼,1(−1))

≤
⎧⎪⎨⎪⎩

𝜖𝜔2||𝜉||L2(0,1)

C0(1−E𝛼,1(−1))
, if |𝜔| ≥ 1,

𝜖||𝜉||L2(0,1)

C0(1−E𝛼,1(−1))
, if |𝜔| < 1.

(2.19)

Step 3. Estimate I3(𝜔). We bound |I3(𝜔)| as follows:

|I3(𝜔)| = E𝛼,1(−𝜔2)
𝜖
|||∫ 1

0 𝜓 cos(𝜔x)ds|||
∫ 1

0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑̃𝜖(1 − s)ds
≤ E𝛼,1(−1)𝜔2𝜖||𝜓||L2(0,1)ds

C0(1 − E𝛼,1(−1))

≤
⎧⎪⎨⎪⎩

𝜖𝜔2||𝜓||L2(0,1)

C0(1−E𝛼,1(−1))
, if |𝜔| ≥ 1,

𝜖||𝜓||L2(0,1)

C0(1−E𝛼,1(−1))
, if |𝜔| < 1,

.

(2.20)

From the above observations, we can conclude that

|||𝜈𝛽(𝜔) −  (𝑓𝜖)(𝜔)||| ≤
⎧⎪⎪⎨⎪⎪⎩

𝜖𝜔2R(𝛽,𝜔)(B(u1,u0,𝛿,𝜉,𝜓))
min(C2

0 ,C
2
0)(1−E𝛼,1(−1))

, if |𝜔| ≥ 1,

𝜖R(𝛽,𝜔)(B(u1,u0,𝛿,𝜉,𝜓))
min(C2

0 ,C
2
0)(1−E𝛼,1(−1))

, if |𝜔| < 1, (2.21)

where B is given by 2.9. Using Lemma 2.3, we have

• If |𝜔| ≥ 1 then |||𝜈𝛽(𝜔) −  (𝑓𝜖)(𝜔)||| 2 ≤ R(𝛽, 𝜔)2𝜖2𝜔4(A1(u1,u0, 𝛿, 𝜉, 𝜓))2

min(C4
0,C

4
0)(1 − E𝛼,1(−1))2

. (2.22)

• If |𝜔| < 1 then |||𝜈𝛽(𝜔) −  (𝑓𝜖)(𝜔)||| 2 ≤ R(𝛽, 𝜔)2𝜖2(A1(u1,u0, 𝛿, 𝜉, 𝜓))2

min(C4
0,C

4
0)(1 − E𝛼,1(−1))2

. (2.23)
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Since ∫|𝜔|>1
1|𝜔|2𝜁−4 = M <∞, we have the following estimation:

∫
∞

−∞
|𝜈𝛽(𝜔) −  (𝑓𝜖)(𝜔)|2d𝜔

= 𝜖2 |B (u1,u0, 𝛿, 𝜉, 𝜓)| 2

min(C4
0,C

4
0)(1 − E𝛼,1(−1))2 ∫|𝜔|>1

R(𝛽, 𝜔)2𝜔4d𝜔 + 𝜖2 |B (u1,u0, 𝛿, 𝜉, 𝜓)| 2

min(C4
0,C

4
0)(1 − E𝛼,1(−1))2 ∫|𝜔|≤1

R(𝛽, 𝜔)2d𝜔

= 𝜖2 |B (u1,u0, 𝛿, 𝜉, 𝜓)| 2

min(C4
0,C

4
0)(1 − E𝛼,1(−1))2 ∫|𝜔|>1

R(𝛽, 𝜔)2|𝜔|2𝜁|𝜔|2𝜁−4 d𝜔 + K2
1 (𝛽)

𝜖2 |B (u1,u0, 𝛿, 𝜉, 𝜓)| 2

min(C4
0,C

4
0)(1 − E𝛼,1(−1))2 ∫|𝜔|≤1

d𝜔

=
K2

1 (𝛽)𝜖
2 |B (u1,u0, 𝛿, 𝜉, 𝜓)| 2

min(C4
0,C

4
0)(1 − E𝛼,1(−1))2 ∫|𝜔|>1

1|𝜔|2𝜁−4 d𝜔 + 𝜖2 |B (u1,u0, 𝛿, 𝜉, 𝜓)| 2

min(C4
0,C

4
0)(1 − E𝛼,1(−1))2

=
MK2

1 (𝛽)𝜖
2 |B (u1,u0, 𝛿, 𝜉, 𝜓)| 2

min(C4
0,C

4
0)(1 − E𝛼,1(−1))2

+ 𝜖2 |B (u1,u0, 𝛿, 𝜉, 𝜓)| 2

min(C4
0,C

4
0)(1 − E𝛼,1(−1))2

=
M(K2

1 (𝛽) + 1)𝜖2 |B (u1,u0, 𝛿, 𝜉, 𝜓)| 2

min(C4
0,C

4
0)(1 − E𝛼,1(−1))2

. (2.24)

This implies that

E

(
∫

∞

−∞
|v𝛽(𝜔) −  (𝑓𝜖)(𝜔)|2) =

(1 + K2
1 (𝛽))𝜖

2E |B (u1,u0, 𝛿, 𝜉, 𝜓)| 2

min(C4
0,C

4
0)(1 − E𝛼,1(−1))2

= C2
1(1 + K2

1 (𝛽))𝜖
2. (2.25)

Then, we estimate E||𝜈𝛽− (𝑓 )||2. Subtracting 2.12 from 2.14, and by taking the square of the obtained result, we have

|𝜈𝛽 −  (𝑓 )|2 = (R(𝛽, 𝜔) − 1)2
||||||
∫ 1

0 u1 cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

|||||| 2. (2.26)

This leads to

∫
R

|||𝜈𝛽(𝜔) −  (𝑓 )(𝜔)||| 2d𝜔 ≤ ∫𝜔<1
(R(𝛽, 𝜔) − 1)2

||||||
∫ 1

0 u1 cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

|||||| 2d𝜔

+ ∫𝜔≥1
(R(𝛽, 𝜔) − 1)2

||||||
∫ 1

0 u1 cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

|||||| 2d𝜔

≤ K2
2 (𝛽)∫𝜔<1

𝜔2
||||||
∫ 1

0 u1 cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

|||||| 2d𝜔

+ K2
2 (𝛽)∫𝜔≥1

𝜔2𝜇
||||||
∫ 1

0 u1 cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

|||||| 2d𝜔.

(2.27)

Since f ∈ H1(0, 1), we have

 (𝑓 )(𝜔) = ∫
1

0
𝑓 (x) cos(𝜔x)dx = 𝑓 (1) sin𝜔

𝜔
− 1
𝜔 ∫

1

0
𝑓 ′(x) sin(𝜔x)dx, ∀𝜔 ≠ 0. (2.28)

It implies that

| (𝑓 )(𝜔)| ≤ |𝑓 (1)||𝜔| + ||𝑓 ′|||𝜔| .



TRAN NGOC ET AL. 9

Applying Lagrange mean value theorem, we deduce that there exits x0 ∈ [0, 1] such that ∫ 1
0 𝑓 (x)dx = (1 − 0)𝑓 (x0) =

𝑓 (x0). Furthermore, we get

𝑓 (1) = 𝑓 (x0) + ∫
1

x0

𝑓 ′(x)dx = ∫
1

0
𝑓 (x)dx + ∫

1

x0

𝑓 ′(x)dx. (2.29)

Recall that H1(0, 1) is the space of the function f such that f and f
′

belong to L2(0, 1) with the norm defined by

||𝑓 ||2H1(0,1) = ||𝑓 ||2L2(0,1) + ||𝑓 ′||2L2(0,1).

It follows from 2.29 that

|𝑓 (1)| ≤ ∫
1

0
(|𝑓 (x)| + |𝑓 ′(x)|)dx ≤

√
2∫

1

0

(|𝑓 (x)|2 + |𝑓 ′(x)|2)dx ≤√2||𝑓 ||H1(0,1). (2.30)

Hence,

| (𝑓 )(𝜔)| = ||||||
∫ 1

0 u1 cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

|||||| ≤
1 +

√
2|𝜔| ||𝑓 ||H1(0,1), ∀𝜔 ≠ 0. (2.31)

Since 𝜇 < 1
2
, we know that ∫

𝜔≥1
𝜔2𝜇

𝜔2 d𝜔 = M <∞. This leads to

∫
R

|||𝜈𝛽(𝜔) −  (𝑓 )(𝜔)||| 2d𝜔 ≤ K2
2 (𝛽)(1 +

√
2)2||𝑓 ||2H1(0,1)∫𝜔<1

𝜔2

𝜔2 d𝜔

+ K2
2 (𝛽)(1 +

√
2)2||𝑓 ||2H1(0,1)∫𝜔≥1

𝜔2𝜇

𝜔2 d𝜔

≤ K2
2 (𝛽)(1 +

√
2)2(1 + M)||𝑓 ||2H1(0,1).

(2.32)

Using Plancherel theorem, we obtain

E||𝑓 − 2𝑓𝜖||2L2(0,1) ≤ 2
𝜋

(|| (𝑓 ) − 𝜈𝛽||2 + E||𝜈𝛽 −  (𝑓𝜖)||2)
≤ 2
𝜋

C2
1(1 + K2

1 (𝛽))𝜖
2 + 2

𝜋
K2

2 (𝛽)
[
(1 +

√
2)2 + M

] ||𝑓 ||2H1(0,1).
(2.33)

Remark 2.1. Our method in this paper can be applied for solving the time fractional diffusion for any high dimensions
(in 2D and 3D).

Remark 2.2. In our theorem, we assume that f belongs to H1(0, 1). This assumption is delicate since f is unknown
data. Assumme that some other conditions on given data of the problem. For 𝜂 > 0, we set the following space:

H𝜂 ∶=

{
v ∈ L2(0, 1) ∶ ∫

+∞

−∞
𝜔2𝜂
(
∫

1

0
v(x) cos(𝜔x)dx

)2

d𝜔 < ∞

}
. (2.34)

If u0 ∈ H𝛾 , u1 ∈ H𝛾+1 with 𝛾 > 1+2𝜇
4

, we will obtain the convergence rate. Indeed, since 2.31, we get

||| (𝑓 )(𝜔)||| = ||||||
∫ 1

0 u1 cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1
0 u0 cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

||||||
≤ 𝜔2

C0(1 − E𝛼,1(−1))

[
∫

1

0
u1 cos(𝜔x)dx − E𝛼,1(−𝜔2)∫

1

0
u0 cos(𝜔x)dx

]
.

(2.35)
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Hence,

||| (𝑓 )(𝜔)||| ≤ Cw−2𝛾 ∫
+∞

−∞
𝜔2𝛾+2

(
∫

1

0
u1(x) cos(𝜔x)dx

)2

d𝜔 + Cw−2𝛾 ∫
+∞

−∞
𝜔2𝛾
(
∫

1

0
u0(x) cos(𝜔x)dx

)2

, (2.36)

where C indicates a constant, which only depends on C0, 𝛼. This implies that||| (𝑓 )(𝜔)||| 2 ≤ Cw−4𝛾
(||u1||2H𝛾+1 + ||u0||2H𝛾

)
. (2.37)

The right hand side of 2.27 is bounded by

RHS of(2.28) ≤ C
[

K2
2 (𝛽)∫𝜔<1

w2−4𝛾d𝜔 + K2
2 (𝛽)∫𝜔≥1

w2𝜇−4𝛾d𝜔
] (||u1||2H𝛾+1 + ||u0||2H𝛾

)
. (2.38)

The right hand side of the latter inequality is convergent if and only if the integral ∫
𝜔≥1w2𝜇−4𝛾d𝜔 is convergent. Since

4𝛾 − 2𝜇 > 1, we obtain the convergence rate, which is similar to 2.32. In the future work, we try to consider the
regularized solution of possible f in the class H1.

Corollary 2.1. Let

R(𝛽, 𝜔) =

{
1 |𝜔| ≤ 𝛽

− 1
𝜁 ,

0 |𝜔| > 𝛽− 1
𝜁 ,

(2.39)

where 𝜁 > 5
2
. Then, R(𝛽, 𝜔) satisfies 2.5 and 2.6. Here, K1(𝛽) = 1

𝛽
,

K2(𝛽) = max
{
𝛽

1
𝜁 , 𝛽

𝜇

𝜁

}
, (2.40)

where 𝜇 < 1
2

and 𝛽 = 𝜖𝜆 with 𝜆 ∈ (0, 1).

Proof. The constraint 2.5 is obtained as

R(𝛽, 𝜔)|𝜔|𝜁 = R(𝛽, 𝜔) =

{|𝜔|𝜁 |𝜔| ≤ 𝛽
− 1
𝜁

0 |𝜔| > 𝛽− 1
𝜁

<

{
𝛽−1 |𝜔| ≤ 𝛽

− 1
𝜁

0 |𝜔| > 𝛽− 1
𝜁

< 𝛽−1 = K1(𝛽). (2.41)

The constraint 2.6 is obtained as, we consider |𝜔| < 1

|R(𝛽, 𝜔) − 1||𝜔| =

{
0 |𝜔| ≤ 𝛽

− 1
𝜁|𝜔|−1 |𝜔| > 𝛽− 1
𝜁 .

(2.42)

Since |𝜔| > 𝛽− 1
𝜁 , we have |𝜔|−1 < 𝛽

1
𝜁 , so

|R(𝛽, 𝜔) − 1||𝜔| ≤
{

0 |𝜔| ≤ 𝛽
− 1
𝜁

𝛽
1
𝜁 |𝜔| > 𝛽− 1

𝜁

≤ 𝛽
1
𝜁 . (2.43)

If |𝜔| ≥ 1, we have

|R(𝛽, 𝜔) − 1||𝜔|𝜇 =

{
0 |𝜔| ≤ 𝛽

− 1
𝜁|𝜔|−𝜇 |𝜔| > 𝛽− 1
𝜁 .

(2.44)

Since |𝜔| > 𝛽− 1
𝜁 , we have |𝜔|−𝜇 < 𝛽 𝜇

𝜁 , so

|R(𝛽, 𝜔) − 1||𝜔|𝜇 ≤
{

0 |𝜔| ≤ 𝛽
− 1
𝜁

𝛽
𝜇

𝜁 |𝜔| > 𝛽− 1
𝜁

≤ 𝛽
𝜇

𝜁 . (2.45)

Let us choose K2(𝛽) = max{𝛽
𝜇

𝜁 , 𝛽
1
𝜁 } then the proof of this corollary is completed.
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Lemma 2.1. Let 𝜇, 𝛽 be positive constants, and 𝜁 > 𝜇. Let G(z) be a function defined by

G(z) = 𝛽z𝜁−𝜇

1 + 𝛽z𝜁
z > 0. (2.46)

Then, G(z) ≤ 𝜇

𝜁

[
𝜁−𝜇
𝜇

]1− 𝜇

𝜁
𝛽

𝜇

𝜁 .

Proof. It is easy to see that

lim
z→0

G(z) = lim
z→0

𝛽z𝜁−𝜇

1 + 𝛽z𝜁
= lim

z→0

𝛽

z𝜇−𝜁 + 𝛽z𝜇
≤ lim

z→0

𝛽

z𝜇−𝜁
= 0. (2.47)

lim
z→∞

G(z) = lim
z→∞

𝛽z𝜁−𝜇

1 + 𝛽z𝜁
= lim

z→∞

𝛽

z𝜇−𝜁 + 𝛽z𝜇
≤ lim

z→∞

1
z𝜇

= 0. (2.48)

By taking the derivative of G with respect to z, we have

G′(z) =
[
(𝜁 − 𝜇) − 𝜇𝛽z𝜁

]
𝛽z𝜁−𝜇−1

(1 + 𝛽z𝜁 )2 . (2.49)

The function G(z) attains maximun value at z = z0, which satisfies G′ (z) = 0. Solving G′ (z0), we get z0 = 𝜁

√
𝜁−𝜇
𝜇
𝛽

−1
𝜁 .

Hence,

G(z) ≤ G(z0) =
𝜇

𝜁

(
𝜁 − 𝜇
𝜇

)1− 𝜇

𝜁

𝛽
𝜇

𝜁 . (2.50)

Then, we derive constraint 2.6 as follow. With |𝜔| ≤ 1, we have

|R(𝛽, 𝜔) − 1||𝜔| = 𝛽|𝜔|𝜁−1

1 + 𝛽|𝜔|𝜁 . (2.51)

Remark 2.3. With R(𝛽, 𝜔) and 𝛽 as in Corollary 3.1, applying Theorem 2.1, we conclude that the expectation of the
error between the regularized solution and the exact solution E||𝑓 − 2𝑓𝜖||2L2(0,1) is of order

max
{
𝜖

2𝜆
𝜁 , 𝜖

2𝜆𝜇
𝜁 , 𝜖2−2𝜆

}
for any 0 < 𝜆 < 1.

Corollary 2.2. Let 𝜁, 𝜇 be as Corollary 2.1. Let

R(𝛽, 𝜔) = 1
1 + 𝛽|𝜔|𝜁 . (2.52)

Then, R(𝛽, 𝜔) satisfies 2.5 and 2.6 with 𝛽(𝜖) = 𝜖𝜆 for 𝜆 ∈ (0, 1). Here, K1(𝛽) = 𝛽−1,

K2(𝛽) = max

{
𝜇

𝜁

(
𝜁 − 𝜇
𝜇

)1− 𝜇

𝜁

𝛽
𝜇

𝜁 ; (𝜁 − 1)1− 1
𝜁

𝜁
𝛽

1
𝜁

}
. (2.53)

Proof. The constraint 2.5 is obtained as

|R(𝛽, 𝜔)||𝜔|𝜁 = |𝜔|𝜁
1 + 𝛽|𝜔|𝜁 ≤ 1

1|𝜔|𝜁 + 𝛽 ≤ 1
𝛽
. (2.54)
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We derive constraint 2.6 as follow. With |𝜔| > 1, we have

|R(𝛽, 𝜔) − 1||𝜔|𝜇 = 𝛽|𝜔|𝜁−𝜇
1 + 𝛽|𝜔|𝜁 . (2.55)

Let H(z) = 𝛽z𝜁−1

1+𝛽z𝜁
where z > 0. It is easy to see that

lim
z→∞

H(z) = lim
z→∞

𝛽z𝜁−1

1 + 𝛽z𝜁
= lim

z→∞

𝛽

z−𝜁+1 + 𝛽z
≤ lim

z→∞

1
z
= 0. (2.56)

lim
z→0

H(z) = lim
z→0

𝛽z𝜁−1

1 + 𝛽z𝜁
= lim

z→0

𝛽

z−𝜁+1 + 𝛽z
≤ lim

z→0

𝛽

z−𝜁+1 = 0. (2.57)

By taking the derivative of H with respect to z, we have

H′(z) = ((𝜁 − 1) − 𝛽z𝜁 )𝛽z𝜁−2

(1 + 𝛽z𝜁 )2 . (2.58)

The function H(z) attains maximum value at z = z0, which satisfies H′ (z) = 0. Solving H′ (z0), we get z0 = 𝜁

√
𝜁−1
𝛽

.
Hence,

H(z) ≤ H(z0) =
(𝜁 − 1)1− 1

𝜁

𝜁
𝛽

1
𝜁 . (2.59)

Corollary 2.3. Let 𝜁, 𝜇 be as Corollary 2.1. Let

R(𝛽, 𝜔) = 1
1 + 𝛽𝜔2𝜁 . (2.60)

Then, R(𝛽, 𝜔) satisfies 2.5 and 2.6. Here, K1(𝛽) = 1√
2𝛽

,

K2(𝛽) = max

{
𝜇

2𝜁

(
2𝜁 − 𝜇
𝜇

)1− 𝜇

2𝜁

𝛽
𝜇

2𝜁 ; (2𝜁 − 1)1− 1
2𝜁

2𝜁
𝛽

1
2𝜁

}
, (2.61)

and 𝛽 = 𝜖2𝜆 with 𝜆 ∈ (0, 1).

Proof. The constraint 2.5 is obtained as

|R(𝛽, 𝜔)||𝜔|𝜁 = |𝜔|𝜁
1 + 𝛽|𝜔|2𝜁 = 1

1|𝜔|𝜁 + 𝛽|𝜔|𝜁 ≤ 1√
2𝛽

= K1(𝛽). (2.62)

We derive constraint 2.6 as follow. With |𝜔| > 1, we have

|R(𝛽, 𝜔) − 1||𝜔|𝜇 = 𝛽|𝜔|2𝜁−𝜇
1 + 𝛽|𝜔|2𝜁 . (2.63)

Let G(z) be a function defined by

G(z) = 𝛽z2𝜁−𝜇

1 + 𝛽z2𝜁 z > 0. (2.64)

It is easy to see that

lim
z→0

G(z) = lim
z→0

𝛽z2𝜁−𝜇

1 + 𝛽z2𝜁 = lim
z→0

𝛽

z𝜇−2𝜁 + 𝛽z𝜇
≤ lim

z→0

𝛽

z𝜇−2𝜁 = 0. (2.65)
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lim
z→∞

G(z) = lim
z→∞

𝛽z2𝜁−𝜇

1 + 𝛽z2𝜁 = lim
z→∞

𝛽

z𝜇−2𝜁 + 𝛽z𝜇
≤ lim

z→∞

1
z𝜇

= 0. (2.66)

By taking the derivative of G with respect to z, we have

G′(z) =
[
(2𝜁 − 𝜇) − 𝜇𝛽z2𝜁 ] 𝛽z2𝜁−𝜇−1

(1 + 𝛽z2𝜁 )2 . (2.67)

The function G(z) attains maximum value at z = z0, which satisfies G′ (z) = 0. Solving G′ (z0), we get z0 = 2𝜁
√

2𝜁−𝜇
𝜇
𝛽

−1
2𝜁 .

Hence,

G(z) ≤ G(z0) =
𝜇

2𝜁

(
2𝜁 − 𝜇
𝜇

)1− 𝜇

2𝜁

𝛽
𝜇

2𝜁 . (2.68)

With |𝜔| ≤ 1, we derive the constraint 2.6 as follows:

|R(𝛽, 𝜔) − 1||𝜔| = 𝛽|𝜔|2𝜁−1

1 + 𝛽|𝜔|2𝜁 . (2.69)

Let H(z) = 𝛽z2𝜁−1

1+𝛽z2𝜁 where z > 0. It is easy to see that

lim
z→∞

H(z) = lim
z→∞

𝛽z2𝜁−1

1 + 𝛽z2𝜁 = lim
z→∞

𝛽

z−2𝜁+1 + 𝛽z
≤ lim

z→∞

1
z
= 0. (2.70)

lim
z→0

H(z) = lim
z→0

𝛽z2𝜁−1

1 + 𝛽z2𝜁 = lim
z→0

𝛽

z−2𝜁+1 + 𝛽z
≤ lim

z→0

𝛽

z−2𝜁+1 = 0. (2.71)

By taking the derivative of H with respect to z, we have

H′(z) = ((2𝜁 − 1) − 𝛽z2𝜁 )𝛽z2𝜁−2

(1 + 𝛽z2𝜁 )2 . (2.72)

The function H(z) attains maximum value at z = z0, which satisfies H′ (z) = 0. Solving H′ (z0), we get z0 = 2𝜁
√

2𝜁−1
𝛽

.
Hence,

H(z) ≤ H(z0) =
(2𝜁 − 1)1− 1

2𝜁

2𝜁
𝛽

1
2𝜁 . (2.73)

Remark 2.4. With R(𝛽, 𝜔) and 𝛽 as in Corollary 3.2 and 3.3 then applying Theorem 2.1, we conclude that the
expectation of the error between the regularized solution and the exact solution E||𝑓 − 2𝑓𝜖||2L2(0,1) is of order

max
{
𝜖

2𝜆𝜇
𝜁 , 𝜖

2𝜆
𝜁 , 𝜖2−2𝜆

}
for any 0 < 𝜆 < 1.

3 NUMERICAL EXPERIMENT

To verify our proposed methods, we carry out numerically the above regularization method. In our computations, we use
the Matlab codes for computing the generalized Mittag-Leffler function and the accuracy control in computing is 10−8.
In this section, we consider Problem 1.1 with the following exact data

𝜑(t) = E𝛼,1(−t𝛼), u0(x) =
(

x3

3
− x2

2
+ 1

6

)
, u1(x) = E𝛼,1(−1)

(
x3

3
− x2

2
+ 1

6

)
, (3.1)
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TABLE 1 The errors 𝜖 ∈ {0.1; 0.01; 0.001} and 𝛼 ∈ {0.1; 0.5; 0.9}

Error(𝜶,𝝈) 𝝐 = 10−1
𝝐 = 10−2

𝝐 = 10−3

Error
(

0.1 ,− 4
5

)
1.730918352058264 0.176238397738923 0.070161769866725

Error
(

0.5 ,− 13
20

)
2.493076059259953 0.46765811091501 0.014223513375463

Error
(

0.9 ,− 12
25

)
3.761125560996062 1.161580109523819 0.306666254069505

where the fractional order 𝛼 = 0, 3. The corresponding exact solution is given by

𝑓 (x) =
(
−x3

3
+ x2

2
− 2x + 5

6

)
, (3.2)

and

u(x, t) = E𝛼,1(−t𝛼)
(

x3

3
− x2

2
+ 1

6

)
· (3.3)

It is easy to see that u(1, t) = 0 and u satisfies Problem 1.1. The noisy data are generated by adding a random perturbation
as follows:

ũ1
𝜖 = u1 + 𝜖𝜉. (3.4)

We choose R(𝛽, 𝜔) as in Corollary 2.1. Let us define a regularized solution for the system 1.1-1.2 as follows:

𝑓𝜖(x) = − 1
2𝜋 ∫

+𝜔max

−𝜔max

∫ 1
0 ũ1

𝜖(x) cos(𝜔x)dx − E𝛼,1(−𝜔2) ∫ 1
0 u0(x) cos(𝜔x)dx

∫ 1
0 s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds

ei𝜔xd𝜔. (3.5)

Using,14 we obtain
1

∫
0

E𝛼,1(𝑦s𝛼)(1 − s)𝛽−1E𝛼,𝛽[z(1 − s)𝛼]ds =
𝑦E𝛼,1+𝛽(𝑦) − zE𝛼,𝛽+1(z)

𝑦 − z
· (3.6)

Let y = −1, 𝛽 = 𝛼 and z = −𝜔2 into 3.6, we have

∫
1

0
s𝛼−1E𝛼,𝛼(−𝜔2s𝛼)𝜑(1 − s)ds =

𝜔2E𝛼,𝛼+1(−𝜔2) − E𝛼,𝛼+1(−1)
𝜔2 − 1

. (3.7)

Hence,

𝑓𝜖(x)

= − 1
2𝜋 ∫

+𝜔max

−𝜔max

𝜔2 − 1
𝜔2E𝛼,𝛼+1(−𝜔2) − E𝛼,𝛼+1(−1)

[
∫

1

0
ũ1

𝜖(x) cos(𝜔x)dx − E𝛼,1(−𝜔2)∫
1

0
u0(x) cos(𝜔x)dx

]
ei𝜔xd𝜔.

(3.8)

As in Corollary 2.1, we choose 𝜔max = 𝜖𝜎 , with 𝜎 = − 4
5
,− 13

20
, − 12

25
, and 𝛼 = 0, 1, 0, 5, 0, 9. The results are shown in

Table 1. From these computations, we observe the following property. The regularization methods given in this paper
works well for even acceptable error levels. The regularized solution converges to the exact solution with different values
of 𝛼. However, the numerical accuracy becomes worse as the order of the fractional derivative increases.
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